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Expectation Maximization (EM) has many applications, which can be categorized into two
e the data has missing values, due to problems with or limitations of the observation process.

e optimizing the likelihood function is analytically intractable but when the likelihood function
can be simplified by assuming the existence of the values for additional but missing (or hidden)
parameters.

1 Maximum Likelihood and Hidden Variable

The probability density function has the form

p(z]0)

where 6 is a set of parameters, i.e. which could be mean and variance in Gaussian distribution.
Given a dataset X = {x1,...,x,},

n

p(x16) = [ plalo) = L(6]X)

i=1

is called the likelihood of the parameters given the data. Data X is observed and fixed, we would
like to maximize likelihood L(6]|X) to find the optimal parameters 6 such that fit the data, which
is called MLE

0" = arg max L(1X)

However, if the data X is not completed, where there are some data are not observed and hidden,
we can express this missing data with hidden variable Y. Then, we have the log-MLE as below

0" = arg max log L(8|1X,Y)

= argmax logp(X,Y0)
= arg max / log p(X|y)p(y|0)dy

It is very hard to maximize the log-likelihood, and sometimes we are not able to find the
analytical expression by taking the derivative of the log-likelihood w.r.t 6 and setting to zero, since
there is summation or integral inside the logarithm. However, EM will be introduced to solve this
by approximating the likelihood of observed data X, which has a very good approximation-bound
guarantee.

2 EM Algorithm

Given data X and assume it is generated under some distribution, but is incomplete dataset. We
introduce Z = (X,Y) to represent the completed dataset and assume a joint density function

p(Z]0) = p(X,Y0)
= p(Y|X, 0)p(X]0)



Then, we can write the likelihood of the complete dataset as
log L(0|Z) = log L(0|1 X,Y) = log p(X,Y0)

since here Y is unknown, we can treat this likelihood function as a function of random variable Y,
and € and X are constant, we can view this log likelihood as a function of Y with given X and 6.
We denote by

hx,(Y) =logp(X,Y0) = log L(0|Z)

Note here, Y is unknown and random, but presumably governed by an underlying distribution.
The EM will approximate the optimal solution by two steps iteratively:

E-step:
Q(6,617V) = Ey [logp(X, Y161)|X, 0171 = E[hx o0 (V)| X, 00~1)]

E-step is to calculate the conditional expectation of the completed data log-likelihood w.r.t.
the unknown data Y given the observed data X and the current parameter estimation of 6. Thus,
we need to initialize a reasonable . Since we view Y as a random variable, and according to the
conditional expectation formula, for example

B[(Y)|X = o] = [ ho) Sy vlo)dy

Y

we can express the

By [1ogp (4 YI0IX,06] = [ 108p(,Y10) -y 015,00y
Yy

M-step:
‘ 60 = argmgaxQ(G,Q(i_l))

M-step is to find the optimal 8 such that maximize the expectation we derived in E-step, under
the assumption that Y is known from E-step.

3 Derivation of the EM Algorithm

EM is an iterative procedures for approximately maximizing the likelihood L(X6) of the incomplete
data X. Assume at iteration i — 1, and the estimate of 6 is 0"~ we want to compute an updated
estimated 6 such that L(6|X) > L(8%~Y|X) to achieve maximum likelihood iteratively. Therefore,
we need to consider the gap (difference,metric) that

L(O]1X) — L(AU~ V| X)

We are going to find the lower bound of the L(6|X). We represent function L as log-likelihood, X
as observed data, and Y as hidden variable for missing data.

L(O1X) — L(8V|X) (1)
= log p(X|0) — log p(X[0~1)) (2)
~log / p(X[y, O)p(y]0)dy — log p(X]64~D) (3)

(i—1) )
—log | B X1y O)p(y16)dy — o (X]6 ) ()

p(X|y, 0)p(y|0)
p(y|X,00-1)
Xy, 0)p(y|0)
p(y|X,06-1)

— i—1 p(X|y, 0)p(y|0)
- s "

~ log / p(y] X, 60D dy — log p(X|941) (5)
Yy

dy — log p(X|0U~1) (6)




e Step 6, since
/p(y|X7 00 D)dy =1

Y

and logarithm is concave function, we can use the Jensen inequality

f(Z i) > Z)\,-f(xi) if fis concave and Z)\i =1.

f(z Aixi) < Z)\if(xi) if fis convex and Z)‘i =1.

?

e Step 7, since the log p(X|0%~1)) does not involve the variable y, we can put it into the integral
of y.

Therefore, we have the lower bound of

p(X|y,0)p(y|0)
p(y| X, 00-D)p(X|06—1)

LX) > L6 X) + / p(y]X,05) log
Yy

, and we denote this lower bound as B(#|#“~1). Now, we can see that, if we find a good 6 such
that increase or maximize the B(6|6¢~1)), then we can achieve our goal to maximize the likelihood
function of observed data L(6|X). Thus, next step is to find the optimal # that maximize the lower
bound of L(6|X)

0@ = arg max B(9|9U—) (8)
. i Xy, 0)p(yl0)
- LGV x / X, 90Dy pX _
arg max L [ X) + yp(y\ ; )ogp(y|X’0(l,1))p(X|e(H)) (9)
_ (i-1) p(X|y, 0)p(y|0)
argm;lx/p(y|X,9 108 L0, 66- (X [ 17) Y (10)

Y

= argmgX/p(leﬁ“‘”)[log p(X |y, 0)p(y|0) — log p(y| X, 00 Np(X |9~ N)]dy  (11)
Y

= arg mgX/p(le,H“’”)log p(X |y, 0)p(yl0)dy (12)
Y

— argux | [log p(X.y/6)]p(u]X. 00 )y (13)
Y

= arg mOaXEy|X70(i—1) [log(X, Y\H(i_l))} (14)

= argmax Q0,001 (15)

e From step 9 12, we omit the parts which do not involve the parameter 6.

e Step 15, we find that the lower bound B(#,6¢~Y) is actually Q(#,6"~")) we defined in EM
algorithm before.

In the end, we find the the lower bound of L(0|X) is actually the expected value of the
completed-data log-likelihood with respect to the unknown data Y given the observed data X
and the current parameter estimation #¢—1). Therefore, we realize that EM algorithm is to max-
imize the lower bound iteratively with an initial parameter #(°), and it is not guaranteed to find
the global optimum.

4 Convergence of EM

Theorem 4.1. Assume p(X|0) is the likelihood of observed data X, and H(i_l),where 1=0,..k,
is the parameter estimate at it" iteration, and corresponding likelihood is p(X|0(Z)), then

p(X]09) > p(x]00—1)



Proof. First, we know that

p(X,Y10)

p(X|0) = ———=+=
X0 = vixe)

, thus we have

p(X,Y|0)

log p(X|0) = log m

= logp(X,Y10) —logp(Y]X, 0)
Recall that

Q0,071) = Ey | log p(x, Y]01) X, 00| = / [log p(X, y[0)]p(y|X, 0"~ ") dy

Yy
and we define
W (6,00-D) = / log p(y|X, 0)p(y|X, 00D dy
Yy

then we have
Q0,001 — W (0,00 1)
log p(X,yl0)p(y|X, 0" )dy — / log p(y| X, 0)p(y| X, 001 )dy
Yy

p(X Y|9
p(V1X,0)"

log ———+

log p(X|0)dy

@\@\@\

= log p(X16)
Therefore, it follows that
log p(X[6™) —log p(X [0~
— (Q(Qm,@(i—l) _ W(g(i)’g(i—l))) _ (Q(@(i—l)ﬁ(i—l) _ W(g(i—l)ﬁ(i—l)))

— (Q(g(i)’g(i—l) _ Qw(i—l),@(i—l)) _ (W(ng gli=1) _ (pli-1), 9<i—1>))

1 2
>0

1. Since in M-step of the EM algorithm, 8() is chosen as to maximize Q(#,6"~")). Thus,

Q(Q(i), 9(1—1)) > Q(g(i—l)7 g(i—l))

WD, 00y —w (et 90-1)

logp(le,9(1))p(y|X,0“‘”)dy—/logp(le,H“‘”)p(yIKH(i‘l))dy
Y

p(y|X,0)
log 227 )4
/y % pylx,060) "

Il
—

log p(y| X, 0) — log p(y| X, 00~ )dy

[
S~

IN

log / p(y1X,09) — p(y|X,00V)dy
Yy

=logl
=0

Since logarithm is monotone increasing, we have p(X]0(*)) > p(X[9¢~1).

O

From this proof, we can see that to prove the convergence of iterative EM algorithm, we need
to show that in i'" iteration likelihood of observed data is larger than (i — 1) iterations’ estimated

likelihood, since we our objective is to maximize the likelihood p(X16).



5 Example 1: Coin Tossing

This example is about hidden variable rather than missing values. Assume 3 coins A, B, C, and
probabilities of tossing head are m,p, q respectively. Now there is an experiment, we toss coin A
first. If A is head, then toss B; if A is tail, then toss C. We have 10 trails, and observed following
results:

1,1,0,1,0,0,1,0,1,1
Since we don’t know if these results of B or C, we need to estimate the parameters 7, p, q.

Proof. Let X denotes the observed data, and Y denotes the hidden missing variable, which is the
tossing result of A. If there is only one observed data, then we write the likelihood as:

P(zlf)= > P(z,Y]0) (16)

Y={H,T}
= Y P@|Y,0)P(Y|0) (17)
Y={H,T}
= P(z,Y = H|f) + P(z,Y =T10) (18)
=mp*(1=p)" + (1 —m)q"(1—-¢q)° (19)
e Step 1, 0 is {m,p,q}, Y is the hidden variable, which has the tossing result Head or Tail

from A.

If A is head, the observation is from B, otherwise C. Now, we have observed data X =
{1, 22, ..., T}, then we have the likelihood as

n

P(X|0) = [ [lmp™ (1 = p)™ + (1 = m)g" (1 — 9)™']

i=1
and our goal is to find the optimal 0
0 = arg max L(9)1X)
= argmax log P(X6)

n
=arg méaxlogH [mp™ (1 —p)™ + (1 — m)g" (1 — q)"]
i=1

— 1 T (1 —p)¥ 4 (1 —m)g™ (1 — q)%
argmeale 0g [Wp (L=p)" +( m)q" ( q) ]

We cannot find the analytic form, because of the plus in the log function. Therefore, we have to
use the EM algorithm.
Assume at (i — 1) iteration, we have estimated §(—1) = {g(i=Dp(i=1)gG=1)1



E-step: write down the @ function

Q0,600 Y) = By x [log P(X,Y|0)| X, 00D 20
|
=> P(Y|z;,00)log P(x;,Y[00Y) (21)
J=1Y={H,T}
= P(Yz;,00)log P(;,Y |~ Dpt=Da7) (22)
Jj=1Y={H,T}
- P(Y,z;|00~D .
3 % log P (., Y[ ~1) (23)
=y iy PElD)
n Zj 1—z;
T(i—1)Pi_1y (1 = P—1)) %
:Z{W . )1—(zj ‘)F(].*ﬂ' . ) Tj (17 . )1_% log[ﬂ'p (1_ ) ]
=1 (i— l)p(l 1) — DP(i-1) (i—1) q(ifl) q(i—1)

(24)
(1= mn))ag (1= qu-1)' ™"

+ : v -log[(1 — m)g™ (1 — q)™]
T(i-)P(-y (L= Pa-1)' ™ + (1= 7o)y (1= q-1)' =™
(25)
M-step: compute new parameter by taking derivative of the @ function. Here we denote
mi-)P_1) (L = Pe-)' "
U; = T —x
T me 1)]9( (L= pa—)' ™+ (L= ma—1))gi ) (1= q—1))' =
and
(1- 7T(i71))qzci];1)(1 —qi-1)
1 —U; = T 1—x. ;5 1—x;
77(1'71)]?(,1,1)(1 - p(z‘ﬂ)) i+ (1 - 71'(1'71))(1(,»,1)(1 - Q(i—l)) ’
Then, we have
on 4 7 l-7n’ “~a(l-m) 7r(1—7r) N
Jj=1 j=1
We can do the same thing to parameter p and ¢, and we get
1N
7j=1
> Uy
Po) = "an (27)
Zj:l U
N
Zj:l(l — u;)T;
a0y = =N . (28)
Zj:l(l - uy)
O

6 Example 2: Gaussian Mixture Model

GMM is a mixture-density parameter estimation problem. Gaussian mixture density distribution
can be written as a linear superposition of Gaussian in the form

p(X10) = Zam (X16%) (29)

where



e «y, is coefficient, and ay > 0 and ZkK ap =1

e $(X|0) is Gaussian density function, where 0y = (uy,0}7) and

1 (z — pu)?
\2Toy, <P ( 20% )

is the Gaussian distribution for k" model.

H(X|0) =

e Note, here we assume that we have K component densities mixed together with K mixing
coefficients «; . We can use any p.d.f. to replace Gaussian with other distribution in the
model.

Now, given a observed dataset X, and each sample in X is independent identical distributed.
We can write the log likelihood of the observed data as

N
log(L(6|X)) = log [ [ p(Xi]©)
=1

N K
= 10gH (> arp(zi|O))

=1 k=
N K
= Zlog (Zak¢(xi|6k))
i=1 k=1

If we want to maximize the log-likelihood to get the optimal parameters O, several problems we
need to solve

e The log-likelihood contains log of the sum, there is no analytical form of the derivative of
the log-sum function.

e Except the observed data X, any other hidden information 7 Can we make any assumption
on the observed data ?

e Can we replace the probability with others, which can make the log-sum easier to solve. For
example, the log-sum-exp function is convex.

We may assume the observed data x; is generated as follows:
according to probability ay,we choose K Gaussian model #(X|©y) and generate data x;

This is common assumption of the generative model. Now, we know that we have the observed
X ={z1,...,z,} , but corresponding K*"-model is unobserved (hidden). Therefore, we have the
random variable

1 if it data is generated by k** model.
Yik = .
0 otherwise

Thus, for each data item, we have the complete data is (x;,¥;1, ..., Yik), and we can write the
complete-data likelihood as

LO|X,Y)=p

—~

X,Y|0)

p(lfz', yi|®)

o

ﬁ
Il
—

.
i

@
Il
-
=~
Il
-

and hence,

WE
WE

log L(B|X,Y) = Yir [log o + log ¢(x:|Oy,)]

s
Il
—
=~
Il
_



If we have the latent values of {y;}, we can maximize the log L(©|X,Y) by taking derivative
w.r.t. {ak, t, 0’,%} separately. However, we don’t have the these latent values, we have to consider
the expectation, w.r.t. the posterior distribution of the latent variables, of the complete-data
log-likelihood.

Since

yir € {0, 1}, Zyzk =1
K

and for each z;,

we can write in the form

which also denotes the probability that data x; is generated by k*"*component. Then we can have
the conditional distribution of x; given a particular value for y; is a Gaussian,

p(zi|yix = 1) = ¢(x:Or)

which also can be written in the form

N

xz‘yz H xz|@k qu = (xz|®k)

k=1
Thus, we have
K
1'z|yz Zp yz 1’1|yz Zak¢(xz|ek)
k=1
We find this marginal distribution is same as the Gaussian mixture density function on only

observed data at the beginning of the section, whereas this involves an explicit latent variable.
Now, we have

p(yir = Vp(@ilyir = 1, Ok)
2]1-11 p(yi; = Vp(zilyi; = 1,0;)
__ oP(xi|O)

231‘11 aj¢($i|®j)
= E(yik|zi, Or)
= 1*p(yir. = 1x;) + 0 * p(yix = O|z;)

p(yir = 1|24, 0) =

which can viewed as the responsibility that component k takes for explaining the observation
of ;.
Now we can write the expectation of complete data log-likelihood

Q0,0 ) =Ey |y w1 [logp(X,Y]0)] =logp(X,Y[0) - p(Y|X,0" 1)

N K N K
=log [T IT et s(ailon)* T I ] pyirlx:, o N

i=1k=1 i=1k=1

HH L% 8(4]01) Y plyinla, O )}

Yik [log o + log ¢(x5|O) | p(yik| w4, oY)

|
.M2
MN i

@
Il
—
=~
Il
—

Yik - D(Yik|zs, @;(.cn_l)) [log o, + log ¢(x|Oy)]

Il
i1
> 11>

E[yik|xi,@,(cn_1)] - [log ay, + log ¢(z;|O4)]

|
.MZ

@
I
-
£l
Il
-



which is the E-step. And the M-step is just

0" = arg max Q(e,0 1)

We repeat the E-step and M-step till convergence of either the log-likelihood or the parameter
values.
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